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Energy  spectrum  of  electron  states  In  doped  semiconductors  Is 
Investigated  by  using  spectral  theory  of  random  matrices,  A  part  of 
the  content  In  a  previous  technical  report  Is  repeated  In  Chapter  II 
for  the  main  part  of  this  report,  Chapter  III.  The  comparison  with 
the  experimental  results  Is  not  Included,  which  will  be  done  In  the 
future.  It  Is  seen  In  this  approach  that  the  convergence  of  the  Anderson 
series  depends  delicately  upon  the  values  of  random  parameters.  The 
condition  employed  by  wea|re  and  Thorpe  for  amorohous  semiconductors 
may  be  also  examined  by  the  present  treatment. 
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I.  IIITRODUCT 101) 


The  problem  of  localization  of  electrons  in  nr."  'iodic  systems  has 
been  Intensively  studied  for  different  disordered  n  -rerinls  and  discus¬ 
sions  have  been  concentrated  on  the  "ef fert ively"  callzed  states  derived 
2 

by  Anderson,  The  contribution  of  these  electro-  •;>  the  conductivity  is 
answered  only  by  analyzing  the  nature  of  the  clcr.  r.  n  wtvefunct  ions.  Hue 
to  mathematical  comnlexity  associated  with  disorder,  however,  the  under¬ 
standing  of  electron  wavofnnet ions  in  dlsorderec  systems  Is  still  unsatis¬ 
factory.  "o  would  like  to  Investigate  them  by  a  different  approach. 

''e  restrict  our  consideration  to  an  energy  spectrum  of  electron  states 
in  doped  semiconductors.  A  hioh  concentration  of  Impurities  leads  to  form¬ 
ation  of  the  imnurity  band.  A  spatial  distribution  of  impurity  atoms  Is, 
however,  random.  The  atomic  potential  at  each  Impurity  site  and  also  the 
overlan  of  the  electron  wavofunct ion  between  neighboring  impurity  atoms  vary 
from  one  impurity  site  to  another.  The  effects  ot  this  disorder  work  so 
as  to  destroy  the  coherence  of  the  diffraction  that  permits  delocalization 
of  an  electron.  Our  problem  Is  to  study  the  change  in  the  cncrny  snectrum 
of  the  hand  duo  to  this  disorder. 

The  appearance  of  localized  suites  in  the  tails  of  the  impurity  band 

Is  based  on  the  Idea  that  local  fluctuations  of  notent lal  can  nrnduce  hound 

states  below  the  usual  conduction  hand.’’  A  review  on  various  annroachcs 

to  this  problem  has  alSv'  been  given  by  2im.->n,  1  One  of  t ho  difficult  points 

in  the  Orecn-funct ion  approach  is  that  localized  states  are  defined  by  the 

convorrcncc  of  an  Infinite  stochastic  scries.  To  take  into  account  the 

fluctuation,  one  has  to  take  an  average  over  the  values  of  fluctuating 

narameters.  Tncrc  is  no  problem  for  an  exchange  of  operations,  averaging 

and  summing  of  an  infinite  scries,  provided  that  the  scries  is  uniformly 

convergent  with  respect  to  the  values  of  the  pa/ametc^  over  a  region  of 

variation.  This  does  noc  always  hold  as  is  5-.cn  in  Chanter  III.  It  seems 

that  there  are  regions  where  we  can  give  only  statistical  answir,  and 
r. 

spectra!  theory  of  random  matrices  would  be  rromlsi.ig  to  the  present  nroh- 
I  cm . 
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We  will  follow  an  analytical  procedure  without  taking  the  average.  1/e 
Introduce  a  simplification  that  the  number  of  the  nearest  neighbors  of  the 
Impurltv  atom  to  which  an  electron  hops  Is  two.  ’’hen  the  number  of  the  near 
est  neighbors  Is  larger  ;han  two,  It  Is  considered  that  the  electron  Is 
localized  In  the  region  occupied  by  those  Impurity  atoms  and  only  Its  most 
outside  orbit  Is  taken  account  for  a  hopping  action  of  the  electron.  Math¬ 
ematically,  this  Is  trldlagonal Izat Ion  of  the  I'ermltlan  matrix,  which  Is 
a  well-known  procedure,  although  complex/’  A  spectral  resolution  of  the 
Hamiltonian  with  random  elements  Is  treated..  This  method  enables  us  to  fine 
an  asymptotic  form  of  the  electron  wavefunct Ion .  Furthermore,  v/e  can  study 
how  the  states  both  localized  and  non-locallzcd  are  built  up  In  the  Impurity 
band,  la  Chapter  1 1 ,  we  formulate  the  present  problem  In  a  matrix  form  and 
discuss  localized  states  by  uslno  examples  In  Chapter  III. 
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II.  SPECTRAL  THEORY 


For  our  subsequent  Analysis,  It  Is  convenient  to  recapitulate  first 
some  well-known  results  about  finite  matrices.^  Our  physical  system  Is 
characterized  by  the  Hamiltonian  which  Is  a  Hermit lar.  matrix  with  random 
elements.  Let  H  be  an  {n  x  n)  liermltian  matrix  with  distinct  elocnvalues. 
E,,  E- ,  .  .  .  ,  E  .  The  Schrocdinqcr  equation  Is  written  In  a  matrix  form: 

I  4  Tl 

There  exist  n  non-zero  column  vectors  »  •  •  •»  ^n*  suc^  that 

il?  *  E  V  .  (1) 

P  HP 

The  corrcspondlnq  row-vectors,  *>•  =*?  +,  are  defined  by 

<*>  1 1  a  E  d’  , 
p  p  p 

A  „  (r  (p),v  r  (p)*  r(p)*\  (■>) 

\  °  (Co  *  C1  . Cn-1  }  *  (2) 

where  a  daqnar  and  an  asterisk  stand  for  the  Hermit ian  and  the  complex 
conjugate,  resrect Ively. 

Since  the  eigenvectors  that  correspond  to  distinct  cloonvalues  an. 
linearly  Independent,  matrices  defined  bv 

II  -  V2 . Yn) 

and  U’  arc  non-s ingular .  The  orthoqonality  of  eigenfunctions  is  written  as 

A  V  =7+T  =>0  5 
Mv  p  v  P  pv 


and  the  cl qenfunct Ions  are  normalized  by  multiplying  (0  )  .  For  the  nor¬ 

malized  ••/ovefunct  ions ,  the  matrix  U  is  unitary.  The  liar  IKonian  II  is  din- 
nonallzed  with  the  use  of  this  unitary  matrix;  U  HU  *  T,  where  P  Is  a  din- 
qonnl  matrix  with  dianonal  elements.  Ej,  E^,  •  •  ••  E^ ,  respectively.  ''cnee, 
"o  obtain 

.  R 

II  K  UPU  **  £,  E  J  ,  (3) 

M"  1  |i  P 


where  Jp  arc  matrices  given  by  Y^<|i  .  These  matrices  hove  the  property  that 
J^2  »  a  ^  for  P  t  v,  and  are  called  the  oithogonal  idcmpotents  of 

H.  The  system  of  Idcmpotents  Is  complete  in  the  sense  that  Jj  +  ^  +  ’  '  ' 
+  D  I,  where  I  Is  the.  n-dlmcnsional  unit  matrix.  The  equation  (3)  Is 
referred  to  as  the  spectral  resolution  of  H. 

liow,  we  formulate  hooplnq  actions  of  an  electron  In  an  aperiodic  lat¬ 
tice.  Let  V  *»  V( I H  -  f{  I)  be  the  enerqy  inteoral  for  the  transfer  of  an 
mn  1  m  n 

electron  from  the  n-th  site  to  the  m-th  site  of  Impurity  atoms  and  the 
Hamiltonian  of  the  system  Is  given  by 


H'=  l  z  a  a  + 
mm  m 


{n} 


(n.)  (n) 


V  a+a  . 
mn  m  n 


Here,  the  diooonal  elements  V  arc  assumed  to  be  zero,  and  a  and  a  are 

mm  mm 

creation  and  annihilation  operators  of  an  electron  at  the  m-th  site,  res- 

4. 

pcctiveiy;  fa  ,  a  1  «  6  .  'te  assume  impurlt"  atoms  with  a  slnqlc  bound 

m  n  +  mn 

state.  The  impurity  sites  of  the  summation  in  (*♦)  are  distributed  at  random 

in  the  lattice.  A  fluctuating  field  at  one  site  to  another  is  taken  into 

account  by  nssinninq  random  nenative  values  to  c  .  *'e  introduce  an  indis- 

pensable  simplification  to  cl  analysis;  that  is,  an  Impurity  electron 

can  hep  only  betvaen  the  nearest  impurity  neiqhbors,  the  number  of  which  is 

two.  Randomly  distributee  impurity  sites  arc  thin  relabeled  in  such  a  way 

that  the  nearest  neighbors  may  have  their  indices  different  by  one.  The 

disorder  in  location  is  now  included  in  the  honpinq  distance,  R  ,  ., 

m  mil 

and  random  complex  values  are  assinned  to  the  .  mtrix  elements,  V 

H',  ill  I  I 

The  Hamiltonian  (I))  is  thus  rewritten  as 


tl 1  «=■  T. 
m 


£  (r  <5  +V  )a 
ri  m  mn  mn  n  n 


V  J  .  »  0  ,  V  .  -  0*  . 

m,  m  +  1  m  n,  n  -  1  m  -  1 

and  V  »  0  for  n  =  m  and  n  m  ±  1. 

n  . 

0 i  anono I  I zat  ion  of  1 1: i  «  lt.mil  to  .an  into  the  form,  £  £  A  A  is  performed 

P  P  P  1J 


by  a  transformation. 


where  [A^,  A^]+  «*  6  .  The  quantities  are  determined  by  the  Schrocdinger 

equation  (l)  with 


where  the  superscript  y  It  suppressed  for  simplicity.  In  order  that  the 
simultaneous  equations  (r.)  may  be  solved,  the  determinant  of  the  coefficients, 
dcsienated  by  P^tE)  ,  should  vanish.  On  oxpnndinn  it  with  respect  to  the  last 
row  or  column,  one  pets 


P„(E) 


-  (E 


\  D 

-  r'u 


-  i 


(e)  +  |n 

r 


-  2' 


,(E) 


(0) 


which  is  valid  for  n  £  2  i f  wo  define 

P0(E)  =  1  ,  P,{£)  -  E  -  co  . 

The  roots  of  P  (E)  are  ail  distinct  and  negative,  and  separated  by  the 
root?  of  P()  _  j(E)  »  0,  provided  that  P  (0)  >  0.  L»-t  us  first  examine  the 
inequality  ot  P^(0).  Define  X.  and  y  by 


y0  a  0  * 


<=  X  , 

o  o  ' 


-e,  ■  X 


,  +  yl  •  i3|  -  il2  °  xi  .  i»Jj  •  0  l  »>  . 


and  one  successively  obtains 


X,  «  -E,(1  -  b ,  X , )  ,  W,  =>  “E  j  b  j  X  j  ,  (I  >  1)  , 


I  I 


where  bj  °  jCj  _  tl?e|c|  -  j  and 


I  -  1 


I  -  2 


'/e  assume  that  b  »  0,  X,  a  1  and  X  a  0.  The  nuantlty  X  „  as  n  tends  to 
o  1  o  n 

Infinity,  Is  a  continued  fraction.  It  follows  fron  equation  (6)  that 


p„<t»  -  V,  •  •  •  -  A  -  , 


(n  >  1) . 


If  all  the  partial  numerators  satisfy0 

lbf{  £  }  <  (7) 

the  continued  fraction  line  X  uniformly  convcroes  and  the  value  of  It  and 

Its  onnroxl  mants  are  in  the  domain  |x  -  {h/3)\  <  2/3,  ("orol  tzkiy's  theorem) 

Under  the  condition  (7),  all  A's  are  positive  and  hence  P  (0)  >  0, 

* « \  n 

The  only  one  root  of  P((E)  “  0  i  s  Ej  ;  (*=c  )  ,  which  Is  ncqativc.  It 
follows  from  (G)  that 


p2(—)  >  0  ,  p2(e{1>)  <  o  ,  P2(n)  >  n  ,  p,H  >  o 


Each  of  the  Intervals,  an-!  (e|^,  n)  ,  thus  contains  a  root  of 

P2(E)  *  0  ;  0  >  e|^  >  e|'^  >  .  This  becomes  a  basis  of  induction. 

Assume  now  for  any  s  £  3, 

0  >  E.(s)  >  e<s  •  ,!  >  E<s)  ,  >  E(s  >  C(s)  ,  n 

1  I  s  *  I  5  “  I  s 

and  we  deduce  that  the  si  on  of  P  ,  (E^)  Is  qiven  by  (-l)r 

s  •*  I  j  r 

r  runs  from  1  to  s.  On  puttino  E  =>  and  n  a  s  +  1  In  (f>)  ,  we 

rs  .  •  -IP 


where 

obtain 


?  P.  ,(E^'), 


s  -  I1  s  -  T  r 
(s)  r 

whence  the  siqn  of  P  ,  ,(E„  )  is  (-1)  .  Since  the  sign  of  P  .(““•)  Is 

+  1  s  +  i  r  s*i 

equal  to  (-l)S  ,  It  follows  that  each  of  the  intervals, 

(-«,  E<s))  ,  (E^  y  2) .  (Ejs)  ,  0) 

contains  a  root  of  P  ,(E)  =  0.  This  completes  the  proof  of  ( 0)  for 

s  +  I 

s  •+•  5  +  1  . 

(n) 

It  is  also  sh  wn  that  the  smallest  root  Ev  of  P  (E)  =  0  remains  finite 

n  n 

as  n  qoos  to  Infinity,  provided  that  all  (~e) 's  and  |p|’s  are  finite,  "e 
can  always  find  a  number  n,  0  <  a  <  1  in 

Pn  -  2<Eln>>  i  I  ;<E‘n)  -  ^  '  2>>  '  2 


P  ,(Er)  nnT(E(’nT‘-  fF'01)  VT 

n  -  1  n  i  =  ,  n  i  n  n  -  1 

.  ,.■<"»)  =  (F!n) 

n  -  1  n 

obtained  from  ((■)  ,  we  can  derive 


i  =  1 

Comb  in  Inn  this  with  P  ,(f^)/P  “  [F'"'  -  *•'  ,1/if’ 

n  -  1  n  n  -  1  n  1  n  r<  -  ■  '  n 


r  (n)  >  /,  r(n  *  0\  .  n  “  ?|„  | 

En  -  n ’  Cn  -  r  rn  -  1  }  0  K  -  ?! 


where  the  first  term  on  the  right  hand  sidi  stare's  for  a  smaller  miantity 
ot  the  two.  Thus,  Infinitely  many  states  appear  within  a  finite  reoion 


of  the  ncnativc  energy,  as  n  uocs  to  Infinity. 

It  Is  now  oulte  natural  to  ask  the  nature  of  th.  energy  spectrum, 

whether  It  Is 'continuous  or. -discrete.  To  Investigate  It-  we  have  to 

define  a  sooctra!  function.  Let  us  first  consider  a  simnle  examnle,  in 

which  e  (*  vj  <  0)  and  If  I2  (=  I  S2)  are  both  constant,  and  Independent 
n  '  n '  * 

upon  n.  The  recurrence  relation  (f>)  Is  tlien  satisfied  by  tine  Tschcbycheff 
polynomials  of  the  second  kind.  Defining  cos  w  c  (P  •  w)2)"|,  we  obtain 

P  (E)  «=  j  '|n  JlM1 .  (9) 

n  1  '  sin  u 


The  elocnvalucs  are  therefore  niven  by 
(n) 


(0 


im/(n  +  1)  ,  (u  »  1 ,  2,  .  .  . ,  n)  . 


It  follows  from  (5)  that  the  oi aenfunct Ion  corresnondinn  to  the  cioenvalue 


a  v;  +  2 1 "I  cos  [jm/(n  +  l)) 


(n) 


I  s 


v  =  {o*nV* 

U  V 


po<S(,n!> 


(11) 


\ 


p  1(i:^)rn 
n  ■  1  p 


1; 

i 


The  normalization  factor  Is  evaluated  as 


oJn)  =»  (n  +  l)/2  sin2[o)^]  . 


(1?) 


A  socctral  function  p ^ ° ^  ( C )  is  define.!  as  a  non-decr* as  1  np  scen-funct  ion 
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for  -oo  <  E  <  »  with  discontinuities  1/0 'n^  at  E  «■  E^  : 

V  }i 


0(n)(E) 


0,  E  ^  E[n^ 


n  *  • 


-  I  {o[ni}‘’ S  E*"[  .  “  F  <  E(n)  , 

jail  r  +  1  r  ’ 


(13) 


pop 


i  (o<n)}''  .  e  <  r(n) 

'1  -  1  !  " 


Upon  writ  I  no  Aw  ■  ir/(n  +  1),  we  see  from 

{0,(n)}  1  «  (2/tt)A(>i  sln2(w^] 

M  U 


O'O 


that  by  a  formal  limiting  process  n  -*•  °°,  the  level  density  becemes 

dp(E)  =  -(2/tt)  sin2  o>  dw  , 


0(E) 


.  iPii). 

dE 


ll"(f]Vr)?) 


(15) 


The  discontinuities  (1*»)  of  the  spectral  function  disannear  as  n  noes  to 
infinity.  The  spectrum  becomes  continuous  and  extends  over  the  Interval 
"-2N<eS..  +  2".  The  completeness  relation  of  the  orthogonal  idem 
notents , 

7T 

6  »  ( 2 /it)  f  sin  ((|j  +  l)«o]  sin  [  (v  +  l)ui]  di\  » 

'  '  o 

is  nothing  but  the  orthonormal ity  of  Tschobychcff  polynomials  with  the 
weight  function  (IS). 

The  other  example  tliat  is  exactly  soluble  is  given  by  assn  inn 
f  ,  =3  -?nit  it  >  )  ,  (n  ^  1)  , 

I'n  t  | 2  "  K2n(n  -  l)  (n  ^  " )  , 
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where  we  assume  that  O's  are  all  real  for  simplicity.  Although  this  example 
Is  physically  not  Interesting,  it  Is  Instructive  to  observe  how  the  con¬ 
tinuous  spectrum  arises.  The  recurrence  relation  (O  Is  satisfied  by  the 
associated  Laguerrc  polynomials, 

P  ( E)  »  Knn!  I.^(-E/U). 
n  n 

The  wavefunct Ion  corresponding  to  the  eigenvalue  £(n)  lO),.eW/k)  „  „  , 
Is  calculated  as 

/  Ljl)(-E(n)/lO/^' 


l0)  .(-E(n)/K)MT  / 

n  -  I  y 

The  polynomial  (x)  has  n  positive  zero-points  and,  hence,  the  energy 
eigenvalues  are  all  negative.  They  are  not  confined  to  the  finite  region 
in  the  limit  of  n  -►  °°.  As  a  result  of  this  limit,  the  energy  spectrum 
becomes  continuous  over  the  range,  0  >  E  >  -°°,  which  is  seen  from  the 
orthonormality  of  the  associated  Laguerre  polynomials.  Comparlnn 

I  (x) (*) a  ((l  +a)l/i!}ojj  , 

/o  1 

with  the  completeness  relation  of  the  orthogonal  idempotents, 

c 

((!  +  1)  ( j  +  l)}_i  f  l!l)(-E/K)lj,)(-E/K)dp(-E/iO  -  5.,  , 

i-o.1  J 

v;c  find  that 

dp(x)  *>  e  *xdx  «*  -d{c  X(x  +  U  }  . 
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In  summary,  the  behavior  of  on  electron  over  random  impurity  sites 
Is  described  by  the  wavcfunctlon  In  a  form  of  a  column  vector.  A  posi¬ 
tion  variable  In  this  wavefunct Ion  Is  a  rot'  suffix,  and  Is  discrete.  If 
the  recurrence  relation  (6)  Is  that  of  the  well-known  orthogonal  polynomial, 
the  region  wltnln  which  the  polynomial  Is  defined  gives  a  region  of  varia¬ 
tion  of  the  energy  elnenvalues.  The  weight  function  for  the  orthogonality 
of  the  polynomials  Is  associated  with  the  energy  level  density. 
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Ml.  LOCALIZED  STATES 


The  eigenvalue  problem  of  a  special  matrix  has  been  discussed  uslnq 
examples  In  which  the  structure  of  enerqy  spectra  Is  comparatively  simple. 
It  Is  necessary  to  Inquire  a  little  more  closely  Into  the  nature  of  the 
spectral  function  for  the  problems  of  our  Interest.  The  spectral  function 
(13)  has  discontinuities  of  the  amount  t/0^  at  E  ■  E^ .  If  all  0^n/'s 
dlverqe  as  n  qocs  to  Infinity,  discontinuities  disappear,  while  If  any  of 
them  is  finite  In  the  limit,  there  remains  a  discontinuity  at  the  point 
In  the  enerqy  spectrum.  By  looklnq  at  the  be' .ivlor  of  the  wavofunction 
with  the  pos Irion  variable,  we  can  examine  whether  the  state  is  loco1 1  zed. 

The  random  parameters,  (Ej  and  fl|)  ,  cannot  be  easily  related  to  the 
spectrum  function  and  nothlnq  can  be  said  about  the  enerqy  spectrum  unless 
any  restriction  Is  put  on  the  random  parameters.  ”c  first  assume  that 

|B,|  °  V  ,  c'  5  r.j  <  e"  ,  (16) 

where  £"  <  0  and  V  Is  constant.  It  Is  not  necessary  to  assume  that  1(1.1 

/  \  » 

constant,  and  It  will  be  removed  later.  The  suffix  11  of  Ev'  remains 

U 

unaltered  throuqh  the  present  analysis  and  the  letter  x  Is  used  Instead 

of  £<">. 

W 

By  dcflnlnq  a  quantity 

Z  (E)  -  P  (E)/VP  (E)  ,  (17) 

5  5  5  1 

we  have  from  (6)  a  recurrence  relation 

Z'1.  ,(E)  *  V_1 (E  -  eg  _  y)  -  Z$(E)  .  (10) 

Suppose  that  x  Is  one  of  the  clqenvalues  of  the  n-th  section  of  the 

Hamiltonian;  Z  (x)  ®  0.  It  follows  then  that 

n 

*'n  .,(*)•  V''<»  -  fR  .  ,)• 
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Let  us  restrict  our  consideration  to  a  renlon  whore  x  -  e"  >  0  or 
e'  -  x  >  0.  As  the  both  cases  arc  analyzed  similarly  and  the  result 
Is  symmetrical  with  respect  to  the  middle  point  (e *  +  e")/?.  wc  treat 
the  fi-st  case  only.  Assume  that 

x  -  c."  »  2V  cosh  -.i  ,  (m  >  0)  , 

and  we  have  an  inequality,  Zn  _  ^  ^  slnh  m/slnh  (2ui) .  'Mth  this  as  n 
basis  we  use  an  Inductive  aroument.  Assuming 

Z  ,  ,  «  s  I  nil  [  ( s  -  l)w]/slnh  (sw) 
n  -  s  +  i 

for  n  >  s  >  2,  one  obtains  from  ( 1 8) 


-1  >  , 

Z  =■  {2cosh  w 

n  -  s 


slnh((s  -  l)ii)] 
"slnh  (  sw) 


s  lnh[  (s  +  l)u>] 
slnh  05) 


Hence,  one  has  the  result 

7  <  slnh  (sto) 

n  -  s  slnh[(s  +  l)to]  ’ 


n  >  s  >  I . 


Since 

P$(x)  -  v/sZsZ,  .  {  •  •  •  ^Zj  »  (s  »  1) 
PQ(x)  *>  1  , 

Inequalities  for  s  <  (n  -  1)  , 

Pg(x)  *  Vs  slnht(n  -  s)w]/sinh  (nio)  , 


(19) 


arc  obtained.  From  the  c 1 qenfunct Ion  correspondlnn  to  the  etoenvnluc  x, 

{^}+  »  {o*nH(P0(x) ,  P,(x)/y,  .  .  ,  Pn  .  ,(x)/Vn  '  ’)  , 


the  normalization  constant  Is  proved  to  satisfy 


-  Hi 


0(n)  *  cosh((n  +  1  )tu]  _  n 
y  2slnh  to  slnh  (nw)  2  slnh2  (nw) 


(20) 


In  the  limit,  n  the  right  hand  side  Is  finite  for  to  0.  The  limit 
of  1/0^  does  not  vanish  and  the  discontinuity  exists  ot  E  «  Uni  In 

r*  r 

the  energy  spectrum.  Looking  at  the  wavefunct Ion ,  one  finds  that 


11m  P  ,j(x)/Vn  ^  <  c^llm  exp.(-nto)  . 
n  -*■  oo  n  ►  oo 


As  the  wavcfunctlon  vanishes  exponentially  with  respect  to  the  position 
variable  n,  the  state  Is  localized. 

To  remove  the  restriction  that  all  (BJ's  are  constant,  we  have  to 
redefine  Zg(E)  with  the  assumption  jB|*  $  |flj|  <  |B|",  by 

Zs(E>  ”  -  >|  •  Ps  .  ,(E> 


and  obtain  the  recurrence  relation 


Z 


-1 

s 


1 


(E) 


K  -  tl 
FsT 


zs(f)  . 


As  Zn(x)  a  0,  we  successively  find 
Zn  -  1(x)  •  lP'n  -  2|/(x  •  e„  -  1>- 

Zn  -  5(x)  "  lr'n  -  s  -  |l  ’  Jn  -  s/(x  '  c„  -  s>  '  (Z  S  s  <  ">  • 
■  _  1 


n  -  s 


|f'n  -  sl’/(x  ‘  £„  -  s)(x  -  en  -  s  ♦  t> 


1  -  !nn  -  s  .  l'i/(>  ~  En  -  s  ♦  l)(x  '  cn  -  s  ♦  £ 


1  * 


x-r 


n- 1 


-IS- 


I  f  for  any  J  , 


jflj!2/|{x  -  e,)(x  -  ej  +  t)|  «  |  t 

all  Jj  ,  ns  n  goes  to  Infinity,  are  In  the  domain  |j  -  (*</3)  j  ®  2/3.  The 
continued  fraction  converges  unlfornly  under  the  above  condition,  which  may 
be  i'eplaced  by  the  stronger  condition 

!(V'|/(x  -  e")  ®  ~  or  |(V'|/(e'  -  x)  »  j-  ,  (21) 


for  x  >  (e'  +  e")/2  or  x  <  (e *  +  e")/2,  respectively.  Since  P  - 


<M  •••!«,.  ,l><2.2,  -  1>  *  <I»0I  •  •  •  1 8,  .  ,1(2.2,  .  ,  • 


and  the  wavcfunctlon  Is 

V  “  (0in>1"i(%<E,<,n)>  •  p,<Ein)>/<50 . p„  -  1(Ei"))/So  ■ 


•  zt> 


•  \  -  2>  ' 

(22) 


It  Is  easily  shown  that  0^  converges  under  the  sufficient  condition  (21) 
corresponding  to  Anderson's  condition. 

To  continue  our  analytical  procedure  Into  the  Inside  region  excluded 
by  (21),  it  Is  necessary  to  specify  the  n-donendences  of  cn  and  |P  |  In 
detail.  ,(e  cannot  carry  out  an  analytical  procedure,  though  physically 
Interest  inn,  for  a  random  assignment  of  value  to  those  parameters  out  of 
uniformly  distributed  values  within  certain  ranges.  On  the  other  hand, 
when  wo  take  an  example  In  which  jRs|  V,  es  °*  e'  +  [s(e"  -  r,')/n], 

(s  =  0,  I,  .  .  ,  n  ■  I;  n  +»),  wc  cannot  expect  localized  states  In  the 
Inside  region,  because,  the  values  of  Z's  oscillate  around  zero  Infinitely 
many  times,  as  a  qoes  to  infinity.  Localized  states  arise  In  the  following 
ex.-'  1o: 


t1  +  e" 


ol  I  •,  p  I 

rr  »  (s  “  2m)  , 


rrrrrry 


l  •  2(jrrfr  •  (s  - 2”  *  11  ■ 


(23) 


where  s  runs  from  0  to  Infinity.  Let  us  consider  a  region  where 
jx  -  (c1  +  r,")/2|  >  2V,  where  Zn(x)  «*  0.  5lnce  the  eigenvalues  x  are 


-If.*- 


distr  ibuted  symmetrical  ly  with  resp:c.t  tr  the  middle  point  (e*  +  e' ') /2 ,  we 
will  treat  only  the  case,  [x  -  (e*  «■  e“)/1j  >  2V  and  assume  that  n  Is  even, 
'fe  choose  an  Integer  S  for  fixed  x,  such  t  iot 


e"  -  e' 

2S 


> 


x 


2V  > 


e"  -  r.1 

UsTTF 


9 


and  ueflne  w(>0)  for  even  n,  (Zn(x)  «  ) ,  hv 


x  - 


e*  +  e" 

2  ’  2(ST~ iT 


cosh  to 


'Je  then  obtain  from  (18) 


V 


"2m  -  1  x  -  e. 


2n  -  1 


s inn  to 
sinh  (2mT 


Taking  this  as  a  basis  of  induction,  we  use  agnir  an  inductive  argument 
for  a  finite  sequence 


Z2m  -  2  ’  Z2m  -  3  *  *  ' 


’  Z2S  +  1  *  l2S  * 


The  verification  goes  in  the  same  way  ns  before  and  the  result  Is 

?  <  sinh[2(m  -  S)to] 

2$  slnh{  [2*(m  -  sf  +  1  ]wT  ' 

Dy  repeated  use  of  (iC),  v/c  can  further  evaluate  2*  •  •  •* 

Zj.  They  arc  finite  but  change  signs  frequently  as  the  suffix  decreases, 
and  cannot  be  specified  In  a  simple  v.’ay.  One  easily  finds  for  2m  -  1  „ 
s  I  2S , 

KM  1  <  »s  «<»  -  ')  • 

where  a  ilnitc  constant  C ( 2S  -  l)  is  given  by 


C(?S  l)  “  -  7 


‘2S  -  2 1 


u, 


’/e  are  thus  led  to  the  result 
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fl(n)  <  (C(2S  -  I))2 

y  sTnTvrfTn  -  2S  +  l)Io] 


n  -  2S 

E  s  inh2  (koj)  +  C  ,  (2k) 

k  -  1 

find  C  Is  a  finite  constant  given  by 

2S  -  1 

S  jP, (x) i2/(V2) 1  . 

1-0  ' 

By  taking  a  limit  n  -*■  m,  the  ‘Ight  hand  side  of  (2M  Is  finite.  It  there¬ 
fore  turns  out  that  the  states  existing  In  the  regions  between 
(e1  +  e")/2  +  2V  and  e'1  +  2V,and  between  (e*  +  c.",'/2  -2V  and  e*  -  2V  are 
local Ized  states. 
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